Abstract. Let G be a graph of order n, and let a, b and k nonnegative integers with 2
Introduction
We consider finite undirected graphs without loops or multiple edges. Let G be a graph with a vertex set V(G) and an edge set E(G). For x ∈ V(G), the set of vertices adjacent to x in G is said to be the neighborhood of x, denoted by N G (x). For any X ⊆ V(G), we write N G (X) = x∈X N G (x). For two disjoint subsets S and T of V(G), we denote by e G (S, T) the number of edges with one end in S and the other end in T. Thus e G (x, V(G) \ {x}) = d G (x) is the degree of x and δ(G) = min{d G (x) : x ∈ V(G)} is the minimum degree of G. For S ⊆ V(G), we use G[S] to denote the subgraph of G induced by S, and G − S to denote the subgraph obtained from G by deleting vertices in S together with the edges incident to vertices in S. A vertex set S ⊆ V(G) is called independent if G[S] has no edges. The binding number of G is defined as
Let and f be two integer-valued functions defined on V(G) with 0
A fractional ( , f )-indicator function is a function h that assigns to each edge of a graph G a real number in the interval [0,1] so that for each vertex x we have (x) ≤ h(E x ) ≤ f (x), where E x = {e : e = xy ∈ E(G)} and
We say that G has all fractional ( , f )-factors if G has a fractional r-factor for every r : [6] ). G has all ( , f )-factors if and only if
Theorem 1.2. (Lu [5])
. Let a ≤ b be two positive integers. Let G be a graph with order n ≥ 2(a + b)(a + b − 1) a and
for any two nonadjacent vertices x and y in G, then G has all fractional [a, b]-factors.
Theorem 1.3. (Zhou [9]
). Let a, b and k be nonnegative integers with 1 ≤ a ≤ b, and let G be a graph of order n with
Using Theorem 3, Zhou [9] obtained a neighborhood condition for graphs to be all fractional (a, b, k)-critical graphs. Theorem 1.4. (Zhou [9] ). Let a, b, k, r be nonnegative integers with 1 ≤ a ≤ b and r ≥ 2. Let G be a graph of order
Main Result and Its Proof
In this paper, we proceed to study the existence of all fractional (a, b, k)-critical graphs and obtain a binding number condition for graphs to be all fractional (a, b, k)-critical. Our main result is the following theorem.
Theorem 2.1. Let a, b and k be nonnegative integers with 2 ≤ a ≤ b, and let G be a graph of order n with
Proof. Suppose that G satisfies the assumption of Theorem 2.1, but it is not all fractional (a, b, k)-critical. Then by Theorem 1.3, there exists some subset S of V(G) with |S| ≥ k such that
where
In terms of the definition of T, we obtain 0 ≤ h ≤ b − 1. Now in order to prove the correctness of Theorem 2.1, we shall deduce some contradictions according to the following two cases.
Case 1. h = 0. Let X = {x : x ∈ T, d G−S (x) = 0}. Obviously, X ∅ and N G (V(G) \ S) ∩ X = ∅, and so |N G (V(G) \ S)| ≤ n − |X|. According to the definition of bind(G) and the condition of Theorem 2.1, we have
Thus, we obtain
Using (1), (2) and |S| + |T| ≤ n, we have
which is a contradiction.
Let v be a vertex of G with degree δ(G).
In terms of the definition of bind(G), we have
,
This completes the proof of Claim 1. Note that δ(G) ≤ |S| + h. Then using Claim 1, we have
Combining these with the definition of bind(G), we have
which contradicts that the condition of Theorem 2.1. The proof of Claim 2 is completed. According to (1) , (3) and Claim 2, we obtain
that is,
Let
which is a contradiction. In the following, we assume that 2 ≤ h ≤ b − 1.
, we have
From (4), (5) and
, we obtain
which is a contradiction. This completes the proof of Theorem 2.1.
Remark. In Theorem 2.1, the lower bound on the condition bind(G) is best possible in the sense since
, which is shown in the following example. = ak − 1 < ak.
In terms of Theorem 1.3, G is not all fractional (a, b, k)-critical.
